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Abstract. Let F be a non- Archimedean local field of residual characteristic p, and £ a prime 
number, £ ^ p. We consider the Langlands correspondence, between irreducible, n-dimensional, 
smooth representations of the Weil group of F and irreducible cuspidal representations of GL„(_F). 
We use an explicit description of the correspondence from an earlier paper, and otherwise entirely 
elementary methods, to show that it respects the relationship of congruence modulo £. The £- 
L^ 1 modular correspondence thereby becomes as effective as the complex one. 

"jrt I Let £he a prime number and let F be a non- Archimedean local field of residual characteristic 

p ^ i. We form the Weil group Wp of F, relative to some separable algebraic closure F/F. 
Let E denote either the field C of complex numbers or an algebraic closure Q^ of the field Qi 
of ^-adic numbers. For an integer n ^ 1, let 9n{F)E denote the set of equivalence classes of 
irreducible, smooth .E-representations of W^? of dimension n. Likewise, let An{F)E be the set of 
equivalence classes of irreducible, smooth, cuspidal £J- representations of the group G — GL„(i^). 

\^ I The Langlands correspondence gives a canonical bijection Sn{F)c -^ ■A.n{F)c which we 

fSJ ■ denote a i— ^ ^a. By choosing a field isomorphism a : C ^ Qg, one may transport the Langlands 

CN I correspondence to a bijection 9n{F)Q -^ An{F)Q . We continue to denote this cr h-> ^a, eliding 

f~~« ■ the fact that it may also depend on the choice of a. 

^D I Let Fi be an algebraic closure of the field F( of £ elements. If cr G 5n{F)Q has determinant 

of finite order then a^Wp) is finite and, following a standard technique from the representation 
theory of finite groups, one may attach to cr an isomorphism class [aYf of n-dimensional, smooth, 
semisimple i^^-representations of W^- Likewise, if tt G An{F)Q has central character of finite 

p\. • order, a variation on the same technique attaches to n an irreducible cuspidal F'^-representation 

[Tr]i of GL„(F). For cti, (72 G Sn(F)Q , with determinants of finite order, we say cti = (72 (mod £) 
if [(Ji]f — [cr2]T' ^^d similarly on the other side. We prove: 

Main Theorem. If (Ti, CT2 G 5n{F)Q have determinant characters det cti, det (72 of finite order, 
then 

a I = (72 (mod £) <=^ ^a\ = ^(72 (mod i). 

We use the classification of irreducible cuspidal representations of GL„ (F) in terms of simple 
types, as in [8]: although written there in terms of C-representations, it applies unchanged to 
Q^-representations. Thanks to fundamental results of James [17] concerning cuspidal modular 
representations of finite general linear groups, the relevant classes of simple type behave ex- 
traordinarily well under reduction modulo £. Only the elementary techniques available in [9] 
or [19], for example, are necessary to analyze them completely. Another elementary argument 
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2 C.J. BUSHNELL AND G. HENNIART 

relates the congruence behaviour of types to that of cuspidal representations of GL„ (F) . The 
Comparison Theorem of [6] then implies the desired result for the Langlands correspondence. 
To reflect this, we have structured the paper to give a brief introduction to the relevant results 
of [6] alongside an essentially complete and self-contained account of reduction modulo £. 

Some remarks are in order. First, the map cr n> ^cr on Q^-representations does depend 
on the choice of a field isomorphism a : C ^ Qg. If we replace a by another isomorphism 
f3 : C ^ Qi, then ^a changes to \x ® o")? where x is an unramified character of Wp, of order 
^ 2, depending only on F, n and a~^l3 [13] (7.4). The assertion of the theorem is therefore 
independent of the choice of a, and we may regard it as an arithmetic property of the complex 
Langlands correspondence. Next, the techniques and the result hold equally for representations 
c € 9n{F)Q such that det a takes its values in Z^ , where Z( is the integral closure in Q^ of the 
ring Zi of i?-adic integers. However, the reduction from there to the finite case may be achieved 
by the trivial step of tensoring with an unramified character: we impose the restriction only 
because it facilitates direct appeal to standard results from finite group theory. 

The "modulo ^" Langlands correspondence already has a substantial literature. Of particular 
relevance here are the works [20], [21] of M.-F. Vigneras, laying the foundations of a theory 
of smooth i^£-representations of p-adic reductive groups, and her paper [22] establishing the 
existence of a semisimple version of the correspondence. More recently, J.-F. Dat has posted 
a pre-print [10] in which he shows that the standard geometric model, realizing the Langlands 
correspondence for Q^-representations, admits an i?-integral model. On reduction modulo i, this 
yields the Langlands correspondence for i^^-representations. 

The results of [10] are certainly broader than those here, although the core is the same. How- 
ever, we feel that the brevity and simplicity of our arguments, presenting the i^£-correspondence 
as an easy consequence of an explicit complex result, may be found appealing. While the argu- 
ments presented here are short and straightforward, the proof in its totality cannot be described 
as elementary or local in nature. It relies via [6] on the standard treatment of the Langlands 
correspondence [11], [12], [18], along with the classification theory of [8], and its relations with 
automorphic induction [14], [15], [16], as developed in [1], [2] and [5]. 

1. Representations of finite groups 

This section is preparatory in nature. We fix a prime number i and recall the definition of 
the classical decomposition map modulo £. This relates the representations of a finite group 
over fields of characteristic zero to its representations over fields of characteristic £. Standard 
expositions (of which we use [9] and [19]) start from representations over local or global fields, but 
this will not be convenient for us. We therefore outline the translation to a simpler framework. 
We append a couple of specific results used repeatedly later in the paper. 

1.1. Let £ be a prime number. Let Q^/Qe be an algebraic closure of the field Q( of i?-adic 
numbers. Let Ze be the integral closure of Zi in Q^. Thus Zi is a local ring but, we recall, it is 
not Noetherian and its unique maximal ideal ^£ is not principal. Its residue class field Zi/^g 
provides an algebraic closure F^ of the field F^ of £ elements. 

Definition 1. Let V be a finite- dimensional Q^-vector space. A .Zg-lattice in V is a finitely 
generated Zf-suhmodule L of V which spans V over Q^. 

Proposition. Let V be a Qf-vector space of finite dimension m, and let L be a Zi-submodule 
of V . The module L is a Zg-lattice in V if and only if it is generated over Z(^ by a Qg-basis of 
V . In particular, any Zf-lattice in V is Zg-free of rank m. 

Proof. One implication is trivial. To prove the converse, let L be a 2£-lattice in V. Since L is 
finitely generated over Zi, we may choose a .Z^-generating set {xi, X2, . . . , Xr} of L, of minimal 
cardinality. This set must surely span V over Qf. Suppose, for a contradiction, that it is linearly 
dependent over Qf, say X]i=i '^i-^i ~ 0' ^^^ elements a^ € Qg, not all zero. There is a finite field 
extension E/Qg containing all a^. Scaling by an element of _E^, we may assume that all a^ lie 
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in the discrete valuation ring o^; in E, and that at least one of them, say oi, is a unit in o^;. 
Thus xi lies in the Z^-module generated by {x2,X3, . . . ,Xr}, contrary to hypothesis. It follows 
that {cci, a:2, . . . , x^} is a Q£-basis of V (and a Z^-basis of L). D 

Corollary. Let V be a finite- dimensional Q^-vector space, let U be a subspace of V and let L 
be a Zf-lattice in V . The group L HU is then a Zf-lattice in U . 

Proof. The image L/ L n C/ of L in V/U is a finitely generated Z^-module, spanning V/U over 
Zt- It is, by the proposition, Zi-bcc of finite rank. Thus L = L fl C/ © L', for a finitely generated 
free Z^-submodule L' of L, isomorphic to L/L n U . In particular, L DU ^ L/L', so L n C/ is 
finitely generated over Zg. If W is the Q^-span of L', then V — U OW and so L DU spans U. 
Thus L n [/ is a Zi-XsMAcc in f7, as required. D 

Definition 2. Let V he a Q^-vector space, of possibly infinite dimension. A Zi-submodule L of 
V is a Zi-lattice in V if L r\U is a Zp-lattice in U , for every finite- dimensional subspace U of 
V. 

The corollary implies that the two definitions are consistent. 

1.2. Let G be a finite group. If fc is a field, we denote by @Q{kG) the Grothendieck group of 
finite-dimensional representations of G over /c, formed relative to exact sequences. Let *H be the 
set of isomorphism classes of irreducible fc-representations of G. The group ©o(fcG) is then free 
abelian on $K. We may identify the set of formal sums X]_rgsh ^R^^ i^ which all tir are non- 
negative, with the set of isomorphism classes of finite-dimensional semisimple fc-representations 
ofG. 

We consider the category of finite-dimensional representations of G over the field Q^. The 
fields Qf, C are isomorphic, and the choice of an isomorphism C — > Q^ induces an equivalence 
between the categories of finite-dimensional representations of G over the two fields. We may 
so translate the basic theory of complex representations to the new context unchanged. 

Let (yO, U) be a representation of G over Q^, of finite dimension m. A ZiG-lattice in U is 
a Zi-\attice in U which is stable under the action of p{G). If Lq is a Z^-lattice in U, then the 
Zf-module X^qgg Pid)^'^ i^ G-stable and it is a Zi-\attice. Thus {p, U) admits a ZfG-lattice. 

Let i be a Z^G-lattice in U. By 1.1 Proposition, the quotient space L ~ L/'^gL is a vector 
space over Fg, of dimension m. The representation p induces a representation p^ of G on L. 
Let pj^ denote the image of pL in the Grothendieck group ®o{FiG). 

Proposition. The class pf depends only on the isomorphism class of (p,U), and not on the 
choice of ZgG-lattice L in U. In particular, if pL is irreducible, then its isomorphism class is 
determined by that of{p,U), independently of the choice of L. 

Proof. We perform a preliminary reduction. Let K/Qi be a finite field extension, K C Qi, 
such that K contains a primitive |G|-th root of unity. Extension of scalars then induces an 
isomorphism &q{KG) — ?► ©olQ^G) ([19] Theoreme 24, CoroUaire). In particular, there is an 
irreducible iiT- representation {po, Uq) of G such that (p, U) is isomorphic to the representation 
of G on Q^ ®K Uo induced by po- We henceforward identify U with Q^ ®k Uq. 

Let L be a Z^G-lattice in U. Let Ok be the discrete valuation ring in K and let Lq be a 
G-stable O/f-latticc in Uq. We set Lq = Zg ®ok -^o- Thus Lq is a G-stablc Z^-latticc in U . 
Expressing a .Z^-basis of L in terms of an o/f-basis of io, we see: 

Lemma. Let L be a ZgG-lattice in U. There is a finite field extension K' / K and an Ok'G- 
lattice L'q in K' ®k Uq such that L = Ze ^oj^, Lq. 

Let ii, L2 be Z^G-lattices in U. According to the lemma, we may choose the field K and 
O/f G-lattices Lio in Uq such that Li =- Zi^oK^ia-, « = 1, 2. Let px =■ Ve<^K be the maximal ideal 
of Ok and write k^ = Ok/Pk- By [9] (16.16) or [19] Theoreme 32, the kjf-representations p^io 
of G on LiQ/pi^LiQ, induced by po, define the same clement of 0o(lk_ff G). The representation pi^. 
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is obtained from p^.^ by extension of scalars from k/<- to Fg. Therefore pf — p^l , as required. 
The final assertion follows. D 

The proposition shows that p h-> p^£ induces a well-defined map <6q{QiG) -^ &Q(FiG). We 
denote it 

Remark. The map (1.2.1) is the decomposition map of the literature, in which it is usually 
denoted dg. We often think of [pYl as the isomorphism class of the semisimplification of the 
representation p^, for some lattice L. 

1.3. We continue this general discussion with a simple remark which will be useful later. 

Proposition. Let (p, V) he an irreducible Q ^-representation of the finite group G, and suppose 
that [p\f is irreducible. If L, L' are ZfG-lattices in V, there exists a 6 Q^ such that L' ~ aL. 

Proof. As in the proof of 1.1 Proposition, there exists a ^ Q^ such that L D aL' (f. ^gL. 
Replacing L' by aL' , we may assume L D L' (^ ^iL. The image of L' in L/'^iL is then a 
non-zero G-subspace of the irreducible i^^G-space Lj'^gL. We deduce that L = L'+'^^L. 

We show that this condition implies L' — L, whence the result will follow. We choose a 
Zf-basis S of L and a Z^-basis 23' of L' . The "transition matrix", relating 23' to S, then has 
coefficients in Zi, and its reduction modulo ^i is invertible over Fg. The matrix is therefore 
invertible over Zi, whence L' ~ L as required. D 

1.4. We record some special properties of p-groups, where p is a prime number other than £. 

Proposition. Let p be a prime number, p ^ £. Let G be a finite p- group. Any Fi-representation 
of G is semisimple. 

If pi, p2 are irreducible Q (^-representations of G, then 

(1) the Fe-representations [piff, [p2]T are irreducible, and 

(2) [pi]f = [p2]f if and only if pi ^ p2- 

Proof. The first assertion is Maschke's Theorem. The others are equivalent to [19] Proposition 
43. D 

1.5. For our next result, we are given a finite group G and a subgroup H. We define the 
induction functors Ind^, c-Ind^ following exactly the formulation for complex representations 
of locally profinite groups. In this situation, they are the same so we get two versions of Frobenius 
Reciprocity: if p is an i^^-representation of G, and t an i^^-representation of H, then 

HomG(p, Ind^ r) = Hom//(p, r), 
HomG(Indg r, p) = Homij(T, p). 

Proposition. Let p be a prime number, p ^ £. Let G be a finite group, and let P be a normal 
p-suhgroup of G. Let a be an irreducible Ff -representation of P, and let H be the group of g € G 
such that aP ^ a. Suppose there exists a representation p of H such that p\p = a. 

(1) Let T be an irreducible Fg-representation of H , trivial on P. The representation 

Vr ~ IndjJ p®T 

is irreducible. 

(2) The map t ^-^ Vt is a bijection between the set of isomorphism classes of irreducible 
Fg-representations t of H such thatT\p is trivial, and the set of isomorphism classes of 
irreducible representations v of G such that Homp(a, :/) 7^ 0. 
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Proof. In (1), set dimT = d-^ and consider the semisimple representation i>t\p- Since P is normal 
in G, it is the direct sum of representations a^ , g G H\G, each occurring with multiphcity dr- 
If p denotes the contragredient of p, it fohows that the space of P-fixed points in p (Ei i^t has 
dimension d^. This space, moreover, carries a representation r' of H, trivial on P. To identify 
the representation t', we observe that 

Hom/f (r, t') = Hom/f (r, /5 (g) v-r) = Hom/f (p t, Vr) — IIomG(i^T, J^t) t^ 0. 

Since dinir' = d^ = dinir, we conclude that r' is equivalent to t. We further deduce that 

Next, let fj, be an irreducible G sub-representation of i^t- The restriction oi p to P is again a 
direct sum of representations a^ , g & H\G, each occurring with the same multiplicity. The space 
of P-fixed points in the representation p Cg) /x is therefore nonzero, and carries a representation 
po of H, trivial on P. This representation po appears naturally as a sub-representation of r' 
and, since r' = r is irreducible, we get ^o — '''• Therefore 

IIomG(i^T,A*) — Homj:/ (t, p (g) p) ^ Fi. 

The space Homcl'^r, p) is a subspace of HouiGii^T, Vt), while 

HomG(j/^, i^^) = IIomH(r, p®Vr)~ Fg. 

The identity endomorphism of Vr therefore lies in HomG(^'T-,/i), whence p = v^- In particular, 
i^r is irreducible, as required for (1). Since t appears as the natural representation of H on the 
space of P-fixed points m p(E) Vr, we have also proved (2). D 

Remark. In the proposition, the hypothesis P < G is essential. Given that, the result and its 
proof are valid for representations of G over any algebraically closed field of characteristic other 
than p. 

2. Linear groups over local fields 

Again, £ is a prime number. From now on, we work with a non-Archimedean local field F 
with residue class field kj? of characteristic p y^ £■ We mildly generalize the machinery of §1 to 
admissible Q^-reprcsentations of the locally profinite group G = GL„(P). 

2.1. Let (tt, V) be an admissible Q^-representation of G, and let L be a .Z^-lattice in V, in the 
sense of 1.1 Definition 2. In particular, ii K is a compact open subgroup of G, the space V^ of 
7r(iir)-fixed points in V has finite dimension and L n V^ is a .Z^-lattice in V^ . 

We say that L is a Z^G-lattice if 7r(g)L = L, for all g € G. In such a case, the lattice L n V^ 
is the set L^ of 7r(ii')-fixcd points in L. More generally, let p be an irreducible, smooth Q^- 
representation of K. The isotypic subspace V of V has finite dimension, and so L^ — LCiV 
is a ZiK-\aiiice in V^. 

Proposition. Let (tt, V) be an admissible Q i-representation of G, and let L be a ZiG-lattice 
in V. Let K be an open pro-p subgroup of G, and let K denote the set of equivalence classes of 
irreducible smooth Q ^-representations of K. For p G K, the set L^ is a Z^K -lattice in V and 
L = ®^^gLP. 

Proof. The first assertion has already been remarked. Let K' be an open normal subgroup 
of K. We view V^ as providing a representation of the finite group K/K', and then L^ 
is a Zi[K/ K']-la,ttice in V^ . Moreover, V^ — 0„ V*, where p ranges over those elements 
of K with K' C Ker/9. For such p, there is a primitive central idempotent Cp of the group 
algebra Qi[K/K'] such that V^ = CpV^ . The integer {K:K') is a power of p, so it lies in Z^ . 
Therefore gp e Zi[K/K'], whence L^ = i'', with p ranging as before. Allowing K' to range 
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over a descending sequence of open normal subgroups of K with trivial intersection, the result 
follows. D 

Remark. We have not asserted the existence of a Z^G-lattice in an arbitrary admissible repre- 
sentation of G. In the one case we need, we will give a direct construction. For a more general 
discussion of lattices, see [20] I, §9. 

2.2. We need one more simple property. 

Proposition. Let (tt, t^) be an admissible Q ^-representation of G, admitting a ZgG-lattice L. 
Let L — L/^iL and let ttl denote the natural Fi-representation of G on L. Let K be an open 
pro-p subgroup of G. 

(1) If q : L ^ L is the quotient map, then q{L^) = L^ . In particular, the representation 
ttl is admissible. 

(2) Let p be an irreducible smooth Q i- representation of K . If p denotes the irreducible 
Fg-representation [pY/ , then q{LP) = L^ . 

Proof. Let v G L^ and choose v G L such that q{v) = v. There then exists an open normal 
subgroup K' of K such that v G L^ . The element v' = {K:K')~^ TlxeK/K' '^{x)v lies in L^ 
and satisfies q{v') — v. This proves part (1), and part (2) now follows from 2.1 Proposition. D 

3. Induced cuspidal representations 

We consider irreducible cuspidal representations of the group G — GL„(_F) over the field Q^. 
The classification and structure theory for complex cuspidal representations of G, laid out in [8] 
and further developed in the first nine sections of [1], are purely algebraic in nature: wc may 
apply them unchanged to Q^-representations via a field isomorphism Qf — > C We investigate 
the behaviour of these structures under reduction modulo £. 

We start by reviewing the background, relying as much as possible on the summary given in 
[6] (especially sections 2.1 and 2.2). 

3.1. Let 9 be an m-simple character in G. Thus, by definition, 9 is either the trivial character 
of C/^, where m is a maximal order m A ^ M„(F), or else 6* is a simple character attached 
to a simple stratum [o, j3] in A, in which a is maximal among the hereditary o^-orders in A 
that are stable under conjugation by the group F[/3]^ of non-zero elements of the field F\IS\. 
In particular, 9 is a, character of the compact open subgroup Hg = II^{f3, a) of G, and Hg is a 
pro-p group. 

In all cases, we let Jg be the G-normalizer of 9, we let Jg be the unique maximal compact 
subgroup of Je and Jg the pro-p radical of Jg. An extended maximal simple type over 9 is an 
irreducible representation of Je which contains 9 and is intertwined only by elements of Jg . Let 
7{9) be the set of equivalence classes of extended maximal simple types over 9. We remark (c/. 
3.2 below) that a representation A of J$ lies in 'J{9) if and only if (Jg , /l|jo) is a maximal simple 
type in G, in the sense of [8]. We summarize the main points. 

Proposition. 

(1) Let {tt,V) be an irreducible cuspidal representation ofG. 

(a) The representation tt contains a simple character 9. The character 9 is m-simple 
and is unique up to G-conjugacy. 

(b) The natural representation A^ of Jg on V'' is irreducible and lies in 'J(9). In 
particular, tt = c-Ind j^ /l^r . 

(2) Let 9 be an m-simple character in G. The map A i— > c-Indj A, A G '■^{(^) ^s a bijection 
between 7{9) and the set of equivalence classes of irreducible cuspidal representations of 
G which contain 9. 
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3.2. Lot 6 be an m-simplc character in G. We describe the elements of 7{9) more explicitly. 
Suppose first that 9 is the trivial character of C/^, for a maximal Oi?-order m in A. In this 

case, Je = F'^J^, jo = t/^^ and 4 = H} = U^. We have J^/J^ ^ Um/U^ ^ Ghnikp). A 
representation A of Jg then lies in 7{0) if and only if A\jo is the inflation of an irreducible 
cuspidal representation of Jg/Jg = GL„(kF). Any two maximal orders in A are G-conjugate, 
so the set of G-conjugacy classes of elements of 1(9) effectively depends only on the dimension 
n. 

We therefore assume 9 is non-trivial, attached to a simple stratum [o, /3] . Denoting the field 
F[/3] by P, we here have Jg = P^ Jg. If G denotes the A-centralizer of P, the set of elements of 
G which intertwine 9 is /g(^) ^ JgC^Jg. 

We define two sets of irreducible representations of Jg. Let -qg be the unique irreducible rep- 
resentation of Jg containing 9. Let 3-C{9) denote the set of equivalence classes of representations 
K of Jg such that k\ji = rig and such that k is intertwined by every element of laid). 

Let c — a n G. Since 9 is m-simple, c is a maximal Op-order in G and so isomorphic to 
M„(op), n = m[P:F]. We have J^ = U^Jg, and U^ n J] = U}. We define 7q{9) to be the set of 
equivalence classes of irreducible representations A of Jg such that A is trivial on Jg and A| jo is 
inflated from an irreducible cuspidal representation of Jg/Jg = Ui/U}. 

Remark. If we write 0^ for the trivial character of U} , then 9^ is a trivial m-simple character in 
G^, and the map A h^ ^py-Uc gives a bijection 7q{9) — > T(6'c). 

Proposition. Let k G 3^(^), A G To(0). T/ie representation k ® A Zies m T(0), anii the map 
7o{9) — ^ T(0), A I— > K A, is a bijection. 

Proof. See 3.6 Proposition of [6]. D 

3.3. We use these facts to investigate the reduction properties of cuspidal representations. 
Let 9 be an m-simple character in G, and let A e 7(6). The restriction of yl to P^ is a 

multiple of a character uja- The group A{Jg) is then finite if and only if uia{F^) is finite. So, 
when iOA has finite order, the representation A admits a ZiJgAattice. 

Proposition. Let (Jg, A,W) G T{()), suppose that lua has finite order, and let L be a ZgJg- 
lattice in W. 

(1) The Fi-representation Ap of Jg on L — L/^iL is irreducible. 

(2) The isomorphism class of Ap is independent of the choice of L. 

(3) If L' is a ZfJg-lattice in W, there exists a G Q^ such that L' = aL. 

Proof. We observe that (1) implies (2) (by 1.2 Proposition) and (2) implies (3) (by 1.3 Propo- 
sition) . 

To prove (1), we consider first the case where the m-simplc character 9 is trivial. Thus, we 
may assume, 9 is the trivial character of U^, where m — M„(op). The group Jg is F^GL„(op) 
and, by definition, the restriction of A to GL„(oi?) is the infiation of an irreducible cuspidal 
representation of GL„(kp). The assertion (1) is thus an instance of [17] Theorem 3.6. 

We therefore assume 9 to be non-trivial, attached to a simple stratum [a, /3], as in 3.2. In 
particular, A = k ® X, ioi representations k G 3-C{9) and A G To(0). We may choose k such that 
k{F^) is finite [6] 3.2 Corollary; in this case, A(F^) is also finite. 

Let A (resp. k) act on the vector space Wi (resp. W2), and let Li be a Z^JgAeittice in Wi. 
As in the first case of the proof, the representation Ali is irreducible. Let rjg be the unique 
irreducible representation of Jg containing 9. Since Jg is a pro-p group, the representation 
(r]g)L2 is irreducible (1.4 Proposition). As k|ji = r]g, the representation Kp^ is also irreducible. 
The representation A acts on W ~ W\ ® W2, and L = Li (g) L2 provides a ZiJgAa.ttice in W. 
The representation Ap — Xp-^ ® hl2 is irreducible, by 1.5 Proposition. D 
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3.4. We continue in the same situation, with an m-simple character 9 in G — GL„(i^), and 
an extended maximal simple type A G T(0) such that W/i has finite order. The representation 
(tt, V) = c-Indj A is irreducible, cuspidal and the central character lOt^ — to a has finite order. 
We let A act on the Q^-space W , and choose a Z^J^-lattice L in W . The space V consists of 
all functions f : G ^ W which are compactly supported modulo the centre of G and satisfy 
fijg) = ^(j)/(5)i for J G Je, g & G. The group G acts on V by right translation. We define 

(3.4.1) L, = {.feV: f{G) C L}. 

Surely, i* is a 7r(G')-stable Z^-submodule of V. 

Lemma. The Zf-module L^ is a ZiG-lattice in V. 

Proof. It is enough to show that L^ is a .Z^-lattice in V^ , for any open, pro-p subgroup K of 
G. We follow the procedure of [4] 3.5 to write down a basis of the (finite-dimensional) space 
V^ . First, we choose a set X of coset representatives for Jg\G/K. For each x G X, we choose 
a basis S^, of the space of xKx~^ D Jg -fixed points in W. For each x G X and each w e !Bj,, 
there is a unique function f^.^ £ V^ with support JgxK and such that fx,w{x) — w. The set 

'B(i^) = {/.,»:xeX,«;eSJ 

is then a basis of V^ . For each x <E X, we may choose 'Bx to be a Z^-basis of the lattice 
j^xKx nJe _ 'pj^g corresponding set 23(iir) is then a Zg-basis of L^ . D 

We form the i^^-representation (7rL,,i*/*P£i,) of G: this is admissible by 2.2 Proposition. 

Proposition. The representation {TrL_^, L^/^gL^) is irreducible, and equivalent to the represen- 
tation c-Indj Al. 

Proof. Let f G L^; we define a function /^ : G — ;> L by composing / with the canonical map 
L —^ L. If / G ^fi*, then /(G) C "^eL and /^ ~ 0. We thus obtain a G-homomorphism 
L^/^iL^ — > c-Indyl^. If K is an open pro-p subgroup of G, we follow the procedure of the 
lemma to construct a Z^-basis 'S{K) of L^ . The set {6^ : b e ®(i^)} then provides an i^^-basis 
of the space (c-IndylL) . It follows that the map 

i, — > c-Ind^^^ylL, 

induces an i^^G-isomorphism L^/^gL^ = c-Ind/li. 

We identify L with the sublattice of L* consisting of functions with support Jg. The lattice 
L is also the ^-isotypic sublattice L^ = i* n V^ of L*. The character 9 has finite order, which 
is a power of p. Let ^ip{Q() denote the group of roots of unity in Q^ of p-power order. Thus 
l^piQi) "^ ^i and, under the reduction map .Z^ — > i^^ , fJ-piQg) is mapped isomorphically to 
the group iip{Fi) of p-power roots of unity in F( . Consequently, there is no need to distinguish 
between 9 and [9]^^, its reduction mod. £. With this convention, 2.2 Proposition implies that the 
canonical map L* -^ L^^/^gL^ identifies L^/^iL^ with (L*/*P^L*)^, that is, with L C -L*/*P^L*. 

Let U he a non-zero G-subspace of c-Ind/l^. We apply Frobenius Reciprocity, 

^ RomaiU, c-Ind/li) C HomG(C/,IndylL) = Homj,(C/, /1l). 

In particular, U^ ^ 0. However, the isotypic space (c-Ind/lL)^ = L is irreducible over Jg, so 
U D L. Since L generates c-Ind/li over G, we have U = c-IndAi,, as required. D 

Remark. The standard argument, as in for example [4] 11.4, shows that the irreducible Fg- 
representation tt^, is cuspidal, in that its matrix coefficients are compactly supported modulo 
F^ . As in [20] II 2.3, 2.7, this is equivalent to ttl^ not being equivalent to a sub-representation 
of any proper parabolically induced representation. 



MODULAR LANGLANDS CORRESPONDENCE 9 

3.5. Wc consider general ^^G-lattices in an irreducible cuspidal representation. 

Proposition. Let (Tr,V) be an irreducible, cuspidal Q ^-representation ofG, such that lu-^ has 
finite order. 

(1) The representation {tt,V) admits a Z^G-lattice. 

(2) Let M be a Z^G-lattice in (tt, y). The natural representation ttm of G on M/^iM is 
irreducible. The isomorphism class of ttm depends only on that o/tt, and not on M. 

Proof. The representation (tt, V) contains an m-simple character 9. Let A denote the natural 
representation of Jq on V^ ^ so that tt ^ c-Indj A. As in 3.4 Proposition, we choose a ZgJg- 
lattice L in V'^ . According to that result, the set L, of (3.4.1) provides a Z^G-lattice in V , as 
required for part (1). 

For part (2), let M be a Z^G-lattice in V. The Z^-module Af '^ = M n V^ provides a Z^Jq- 
lattice in A (2.1 Proposition). It follows from 1.3 Proposition that M^ — aL, for some a ^ Qg . 
Scaling, therefore, we may assume that M^ = L = L^. Since L, is generated by L as Z^G- lattice, 
we have L* C M. 

Suppose, for a contradiction, that M ^ L^. There then exists an open, pro-p subgroup K 
of Je such that M^ 2 ^^ ■ We choose x E Q^ such that, if Mi denotes the lattice xM, then 
Mf is contained in Lf but not in ^iLf . Let M2 be the Z^G-lattice generated by Mf^. Thus 
^iL^, 75 M2 C L*, but M| — Mf is contained in ^eL. The image of M2 in L^/^p^i* is then a 
proper G-subspace, which is impossible. This proves (2). D 

Remark. We have also shown that the cuspidal representation (tt, V) admits only one ZiG- 
lattice, up to scaling by elements of Q^ . 

3.6. Let An{F) denote the set of equivalence classes of irreducible, cuspidal, Q^-representations 
of G = GL„(F), and let yi„(F)^" be the set of (tt, F) £ An{F) such that w^ has finite order. 
For (tt, V) e An{F)^'^, we define [tt]^ to be the isomorphism class of the natural representation 
ttm of G on M/^^M, for a ZgG-lattice M in V. As in 3.5 Proposition, [tt]^ is irreducible and 
independent of the choice of M . We may therefore make the following definition. 

Definition. Let 7ri,7r2 G yi„(F)^"; say tti = 7r2 (mod i) if [ttiJ^ = [7r2]£. 

Remark. The group Aut Qg of field automorphisms of Q^ acts on An(F) : we denote this action 
by a : TT fH- tt". This action is compatible with Z^-structures, and we conclude that, if a G Aut Q^ 
and TTi G An{F)^'^, then tt" = 7r2 (mod i) if and only if tti = 7r2 (mod £). Consequently, we can 
transfer the congruence relation to complex representations as follows. Let tti, 7r2 be irreducible, 
cuspidal C-representations of G, each with central character of finite order. By composing with 
a field isomorphism 7 : C — > Q^, we obtain representations tt'JjTt'^ G An{F) , and we may say 
that TTi = 7r2 (mod £) if nj = ttj (mod £). This relation on complex cuspidal representations of 
G is then independent of the choice of 7. 

4. Main Theorem 

We prove the Main Theorem of the introduction. As there, W^^ denotes the Weil group of a 
separable algebraic closure F/F of F. 

4.1. Let 9n{F) denote the set of equivalence classes of irreducible smooth Q^-representations 
of Wp of dimension n, and 9n'^{F) the set of cr G 9n{F) such that deter has finite order. For 
a G 9fi"(-F'), the group (t{Wp) is finite and a is effectively a representation of the Galois group 
of F/F {cf. [4] 28.6). We may use the method of 1.1 to attach to a an isomorphism class [a]f 
of smooth, n-dimcnsional semisimple representations of Wp. For (Ji,cr2 G Sjj"(^), we say that 
ai = 02 (mod €) if [ai]f - [^2]?. 

4.2. We recall some results from §1 of [6]. Let ^p be the wild inertia subgroup of Wj^, and let 
yp denote the set of equivalence classes of irreducible, smooth Q^-representations of Vp. The 
group Wi? acts on yp by conjugation. 
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Lemma 1. Let a E Vp. 

(1) The W p -isotropy group of a is of the form Wp, for a finite, tamely ramified field exten- 
sion E/F. 

(2) There exists a smooth representation p of Wp such that p\yp = a. 

Proof. Parts (1) and (2) are given by [6] 1.2 Proposition and [6] 1.3 Proposition respectively. D 

In part (1) of Lemma 1, we use the notation E = Zp(a). 

Let a be an irreducible, smooth Q^-representation of Wp. The restriction ctItj^ is then a 
direct sum of representations a £ Tp, any two of which are Wi?-conjugate. In other words, a 
determines a unique Wi?-orbit rp{a) G 'Wp\'J'p. 

Lemma 2. Let ai,a2 £ 9n^{F). If ai = a2 (mod i), then rp{ai) = rp{a2). 

Proof. Since Vp is a pro-p group, the result follows from 1.4 Proposition. D 

If TO ^ 1 is an integer and a G Tp, we define 9m{F;a) to be the set of equivalence classes 
of irreducible smooth representations of Wp containing a with multiplicity m. For example, 
if 1 denotes the trivial representation of Tp, then 9m(-F;l) is the set of equivalence classes 
of irreducible, ?Ti-dimensional, tamely ramified representations of Wp. In general, we write 
S^{F] a) for the set of ct G 9m{F', a) such that det a has finite order. 

Notation. What we here call 9m{F;a) is denoted in [6] by 9m{F;0), where = Op{a) is the 
W^-orbit of a. If E/F is a finite separable extension of F with E C F, wc denote by Indp^p 
the smooth induction functor Ind,„^ . 

We 

Lemma 3. Let a G Vp, let E ~ Zp{a), and let p he an irreducible smooth representation 
of Wp such that pjy^ 5^ a. Let m ^ 1 be an integer. If t G Sm{E;l), the representation 
Spir) — Indp/ppiSiT is irreducible, and the map 

Sp:9m{E;l)^5m{F;a) 

is a bijection. If dct p has finite order, then Up[S)^^{E;l)j ~ Slfn{F;a). 

Proof. The first two assertions combine 1.3 Proposition and 1.4 Theorem of [6]. For the final 
one, we recall that 

deti;p(T) ^S- {dct p(g)T)\px ==(5-dctT'^™''-det/™^|^,, 

for a certain tamely ramified character S of F^ of order ^ 2: if dp/p — detlnd^;/^ 1^;, then S 
is dp^p . The assertion follows. D 

Proposition. In the context of Lemma 3, suppose that dci p has finite order. If ti,T2 G 
g«^(£;; 1), then 

Spin) = ^p(t2) (mod t) ^=^ n = T2 (mod i). 

Proof. Set Gi — Sp{Ti). Since Vp is a pro-p group, the representation [aY/ is irreducible. 
Therefore the representation j? = [pY/ is irreducible. If p is an irreducible i^^-representation of 
Wb, trivial on Tp, 1.5 Proposition asserts that Vp — Indp ip p (g) /i is irreducible, and that Vp 
determines p. This implies first the relation [ai]f — Indp/p p (gi [nY/, i = 1,2, and then the 
result. D 

4.3. We follow a parallel path on the other side. For this, it will be convenient to use the 
language of endo-classes of simple characters: the theory is developed in [1], but the summary 
in [6] 2.2 will be adequate. 

If TT G An{F), the simple characters contained in tt lie in a single conjugacy class (3.1), and 
hence in a single endo-class which we denote i9(7r). 
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Lemma. Let 7ri,7r2 G A^^{F). If tti = 1x2 (mod €), then ■&{'K\) ^ •Q^'k-i)- 

Proof. Let 9i be an m-simple character occurring in tt^. The irreducible representation [tt^J^ 
contains the i^£- valued character [6i]e of Hg, obtained by composing 6 with the reduction map 
Zf — > Ff^ (2.2 Proposition). The isomorphism [ni]e — \ix-2\i. implies that the [0^]^ intertwine 
in G in the usual sense: there exists g ^ G such that the characters [0i]f, [02]t agree on 
[Hi Y n Hi . Since the values of the 9i are p-power roots of unity, the characters 6\, 62 must 
agree on (H^ )^ n Hg . In other words, the 6i intertwine in G. By the Intertwining Theorem of 
[7], they are endo-equivalent and '^{tti) — i?(7r2) as required. D 

Let E{F) denote the set of cndo-equivalence classes of Q^- valued simple characters over F 
and, for e £(F), let degO be the degree of O {cf. [6] (2.2.2)). 

Let £ £(-F) have degree dividing n, and set m — n/ deg0. Let Am{F\0) be the set of 
IT e An{F) such that i?(7r) — 0. Choosing an m-simple character in G of cndo-class 6*, a 
representation tt S An{F) lies in Am{F] 0) if and only if it contains 6. We attach to a simple 
stratum [o, /3], and set P = F[j3]. 

For the next result, we consider a pair of representations 111,112 G -^^if (-?"; 6*) = yi^"(F) n 
Am{F] 0). Each tt^ contains 9, so we let Ai be the natural representation of Jg on the 0- isotypic 
subspace of tt^. As in 3.2, we choose k G IK(6') with k{F^) finite, and write Ai = k (g) Ai, 
Ai G To(0). The representations [/l^]^^ and [A^]^*^ arc all irreducible, by 3.3 Proposition. 

Proposition. The representations iTi satisfy tti = 1x2 (mod £) if and only if [Xi]f = [A2]^'^. 

Proof We have [^,]f = [K]f [Ai]f . Consequently, if [Ai]f = [Aalf , then [Ai]f ^ [ylalf and 
3.4 Proposition implies tti = 7r2 (mod £). 

Conversely, suppose that tti = 1T2 (mod £). The representation [Ai]f is the natural repre- 
sentation of Je on the [6']^-isotypic subspace of [iTi]e, so [Ai]f^ = [^2]^*^- The relation [Ai]f ~ 
[nlf (g) [Xi]f imphes [Xi]f = [A2]f , by 1.5 Proposition. D 

4.4. We prove the Main Theorem in a special case. It will be notationally convenient to use 
a base field E and consider representations of GLm{E), for some m ^ 1. Also, if K/F is any 
finite field extension, we denote by Xi{K) the group of tamely ramified characters oi K^ . 

Let 1 denote the trivial representation of Te and let Oe € £ (£^) be the endo-class of trivial sim- 
ple characters. The Langlands correspondence then induces a bijection Qm{E; 1) -^ Am{E; Oe): 
this is well known but may be regarded as an instance of [6] 6.4 Corollary. We have to prove: 

Proposition. //cri,0'2 G S^(£^; 1), then ai = G2 (mod ^) if and only if ^<Ji = ■^0'2 (mod t). 

Proof. We recall standard parametrizations of the sets Qm{E] 1), Am{E; Oe)- Let Em/E be an 
unramificd extension of degree m, and set A = Gal{Em / E) . Let Xi{Em)^~'^^^ denote the set of 
Z\-regular characters x G ATi (£"„). For x G Xi{Em)'^~'^°^ , the representation cr^ = ItAe^/e X is 
irreducible. It lies in ^m{E'. 1) and depends only on the Z\-orbit of x- Indeed, the map 

Zi\Xi(i?„)^-s^g„(S;l), 

X' >crx' 

is a bijection. Under this map, elements of S^(-B; 1) correspond to characters of finite order. 

On the other hand, let 6q denote the trivial character of C/^, where m — Mm(oE). Following 
[3] 2.2, we have a canonical bijection 

Z\\Xi(i?„)^-s^T(0o), 
X I — >1e{x), 

extending the Green parametrization. The set T(0o) is in canonical bijection with Am{E]OE) 
(as in 3.1 Proposition), so we have a further bijection 

A\X^{E^)^-'-^ ^ AUE.Qe), 

X ' — > rEix)- 



12 C.J. BUSHNELL AND G. HENNIART 

We examine the behaviour of these constructions relative to congruences. A character x G 
Xl{Em)^ of finite order, may be written uniquely in the form x — XrogXsing, where Xrog has 
order relatively prime to i and Xsing has order a power of L 

Lemma. Letx,£, G Xi{Em)'^~'^°^ have finite orders. The following conditions are equivalent: 

(1) Xrog is A- conjugate to ^rcg/ 

(2) a^ = a^ (mod £); 

(3) [iEix)]f = iiEmf; 

(4) rE{x) = rEiO (mod€). 

Proof Let x be the character obtained by composing x with the reduction map Z^ —^Ff. In 
particular, x = (Xrog)~, so x determines Xrog completely. The restriction of [uxlF ^° "^Em is 
Y^5<^A^^ ■ "^^^ same applies to cr^, so (2) ^ (1). 

The decomposition map * M- [*Yl commutes with induction ([9] §21B). Identifying x with 
[x\f, we therefore have [ux]f — ^"^^e^/e [x]f • That is, (1) =^ (2). 

The equivalence of (3) and (4) is a case of 3.4 Proposition, so we consider the relation between 
(1) and (3). The representations 7b (x), 1e{C) agree on i<^^ if and only if the characters xlsxj 
^|£;x are equal. The same applies to their reductions modulo I. Further, 7b (x)) 1e(£,) are 
equivalent on GLm(oB) if and only if the restrictions x\ue^ i ^\ue^ are Z\-conjugate. Appealing 
to [17] Theorem 3.6, the reductions modulo £ of these restrictions are equivalent if and only if 
xIue^t, i^ /i-conjugate to £,\uEr„- Thus (1) is equivalent to (3). D 

To conclude the proof, we need only recall (from, for example, 2.4 Theorem 2 of [5]) that 

V = ^i^('^x), xe^i(i?m)^-'°^ 

where a; is the unramified character of E^-^^ such that 

t^(x) = (-l)("-i)^^™(^), 

ve^ being the normalized valuation E^ -^ Z . D 

4.5. We return to G £(-F), Q and m, as in 4.3. We choose a simple stratum [a, /?] in M„(i^) to 
which 9 is attached and set P — F[I3]. We let E/F be the maximal tamely ramified sub-extension 
of P/F. We choose k e 'K{9) and use it to define a bijection Am{E', ^e) -^ -fi^miF] O). 
The lemma of 3.3 yields a bijection 

as follows. Let Gp be the G-centralizer of P^ and let 6p denote the trivial character of J] CiGp. 
Thus 9p is a trivial m-simple character in Gp and, if /i G Am{P, Op), then /i contains a unique 
Xp G 7{9p). In the notation of 3.3, there is a unique representation A G 7q{9) such that 
X\jgnGp = ^P- The tensor product X(S) n then lies in 1(9) and we set 

^P{^l)^c-Ind%x^K. 

Next, let Pm/P be unramified of degree m, and set A = Gal(P„i/P)- As in 4.4, we have the 
canonical bijection Fp : A\Xi{Pm)'^~'^°^ -^ A„i{P;Op). Let E„i/F be the maximal tamely 
ramified sub-extension of Pm/ F, so that Em/ E is unramified of degree to. We identify A with 
GaX{Em/ E) by restriction. The extension Pm/ E^ is totally wildly ramified, so composition with 
the field norm Np^/^;^ induces a Z\-isomorphism Xi{Em) -^ Xi{P„i)- This in turn induces a 
bijection 

(3p/E : Zi\Xi(ii;„)^-s -^ Z\\Ai(P„0^"°"- 
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We so obtain a bijection 



hp/E ■■ A^{E- Qe) -^ ArniP; Op), 



We now define 



n^:A^{E;OE) -^A,n{F;0), 

A*' — > nl^{hp/En). 

The map U^ is indeed a bijection and, if we choose k so that k{F^) is finite, then U^ maps 
A^iE;OE) onto At{F;e). 

Proposition. Let k £ ^{0), and suppose that k{F^) is finite. If Hi,H2 G A^f{E;OE), then 
fii = H2 (mod £) <=^ Jk(mi) = nMi'2) (mod tj. 

Proof. The proposition is just a re-statement of 4.3 Proposition. D 

4.6. We prove the Main Theorem in the general case. Let cti, (T2 G S^"(-F), and set tt^ = ^(7^ G 
yi„(^)«", z = l,2. 

We dispose of some trivial cases. If r\,{(Ti) ^ r^((T2), then ci ^ (72 (mod ^), by 4.2 Lemma 2. 
This implies, via 6.1 Theorem of [6], that i?(7ri) ^ '^{'^2)^ whence tti ^ 7r2 (mod t) (4.3 Lemma). 
This argument is reversible, so we need only consider the case r\,{<yi) ~ i'\,{a2). In other words, 
there exists a £ Vp such that cri,(T2 S 95Jf(-F;a), for some integer to ^ 1. In light of 4.4, we 
need only treat the case where a is not trivial. We set E = ZF{a). 

According to 6.4 Corollary of [6], the set ^{SmiF, ot)) is of the form Am{F; 0), for a unique 
G £-{F). In other words, TTi e A^{F;0), i — 1,2. As in 4.5, we choose an m-simple 
character 9 in G = GL„(F) of endo-class 0, and attach it to a simple stratum [a, /3] with 
P ~ F[/3]. According to the Tame Parameter Theorem of [6] 6.3, the maximal tamely ramified 
sub-extension of P/F is isomorphic to E/F. We fix such an isomorphism, and henceforward 
view i<^ as a subfield of P. We choose a smooth representation p of W^ such that p|y^ = a (as 
we may, by 4.2 Lemma 1) and also a representation n G !K(0). We have a (non-commutative) 
diagram of bijections. 



(4.6.1) 



9miE;l) -^^ 9rniF;a) 



A^{E;Oe) > Am{F;0) 



in which the vertical arrows are given by the Langlands correspondence. 

Lemma. Let p be a smooth representation of We such that p\'j>p = a. There exists a unique 
K = n{p) G 'K{6) such that the diagram (4.6.1) commutes. If Act p has finite order, then k{F^) 
is finite. 

Proof. The first assertion is a restatement of the Comparison Theorem of [6] , while the second 
is immediate. D 

We take p, k as in the lemma, with detp of finite order. For ctj G 9m {F; a), we write Ui — 
Sp(Ti), Ti G QmiE; 1), i = 1,2. The condition cri = CT2 (mod £) is equivalent to ti = T2 (mod i), 
by 4.2 Proposition. This, in turn, is equivalent to Vi = V2 (mod £), by 4.4 Proposition. The 
lemma informs us that tt^ = n^{^Ti), i = 1,2, while 4.5 Proposition asserts that tti = 112 (mod t) 
if and only if Vi = W2 (mod i?) . This completes the proof of the Main Theorem. D 
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